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We develop a previously proposed gauge-invariant method to integrate out infinite towr- 
ers of vector and axialvector mesons arising as Kaluza-Klein (KK) modes in a class of 
holographic models of QCD (HQCD). We demonstrate that HQCD can be reduced to 
the chiral perturbation theory (ChPT) with the hidden local symmetry (HLS) (so-called 
HLS-ChPT) having only the lowest KK mode identified as the HLS gauge boson, and 
the Nambu-Goldstone bosons. The 0(p*) terms in the HLS-ChPT are completely deter- 
mined by integrating out infinite towers of vector /axialvector mesons in HQCD: Effects 
of higher KK modes are fully included in the coefficients. As an example, we apply our 
method to the Sakai-Sugimoto model. 



1. Introduction 

Holography, based on gauge/gravity duality [1], has been of late fashion to reveal 
a part of features in strongly coupled gauge theories involving the application to 
QCD (so-called holographic QCD (HQCD)). There are two types of holographic 
approaches: One is called "top-down" approach starting with a stringy setting; 
the other is called "bottom-up" approach beginning with a five-dimensional gauge 
theory defined on an AdS (anti-de Sitter space) background. It is a key point to 
notice that in whichever approach one eventually employs a five-dimensional gauge 
model with a characteristic induced-metric and some boundary conditions on a 
brane configuration. 

In the low-energy region, any model of HQCD is reduced to a certain effective 
hadron model in four-dimensions. Such effective models include vector and axi- 
alvector mesons as infinite towers of Kaluza-Klein (KK) modes together with the 
Nambu-Goldstone bosons (NGBs) associated with the spontaneous chiral symmetry 
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breaking. Green functions in QCD are evaluated straightforwardly from the effective 
model following the holographic dictionary. Full sets of infinite towers of exchanges 
of KK modes (vector and axialvector mesons) contribute to Green functions involv- 
ing current correlators and form factors and could mimic ultraviolet behaviors in 
QCD, although such a hadronic description would not be reliable above a certain 
high-energy scale. This implies that appropriate/gauge-invariant holographic results 
require calculations including full set of KK towers, which, however, would not be 
practical because of forms written in terms of an infinite sum. 

It was pointed out [2] that the infinite tower of KK modes is interpreted as a 
set of gauge bosons of the hidden local symmetries (HLSs) [3, 4]. This implies an 
interesting possibility that, in the low-energy region, any holographic models can be 
reduced to the simplest HLS model, provided that the infinite tower of KK modes 
is integrated out keeping only the lowest one identified with the p meson and its 
flavor partners. Effects from the higher KK modes would then be fully incorporated 
into higher derivative terms (O(p^) terms) in the HLS effective field theory as an 
extension of the conventional chiral perturbation theory (ChPT) [5], so-called the 
HLS-ChPT [4, 6] which is manifestly gauge-invariant formulation and makes it 
possible to calculate any Green functions order by order in derivative expansion. 
Once holographic models are expressed in terms of the HLS-ChPT, one can even 
calculate meson-loop corrections of subleading order in 1 /N^ expansion. This would 
give a new insight into the HQCD which as it stands is valid only in the large 
Nc limit. Indeed, in the previous work [7], we proposed a consistent method of 
integrating out the infinite towers of vector and axialvector mesons in the Sakai- 
Sugimoto (SS) model [8, 9] into the HLS-ChPT, with the ©(p*) terms explicitly 
given by the integrated higher modes effects. Then we were able to do the first 
calculations of 1 /N^ corrections to the SS model. 

In this talk, we report the results of our work [12] developing in detail the 
integrating-out method proposed in Ref. [7]. First of all, we work in a class of 
holographic models to introduce our integrating-out method. Next, as an example, 
we apply our procedure to the Sakai-Sugimoto (SS) model [8, 9] to give the HLS 
model with a full set of 0{p^) terms determined. We then calculate the pion electro- 
magnetic form factor to demonstrate how powerful our formulation is even before 
including the 1/Nc effects through loop. As we will see explicitly, the momentum- 
dependence of the form factor is evaluated including full set of contributions from 
KK modes without performing infinite sums. Our method can straightforwardly be 
applied to other types of holographic models such as those given in Refs. [10, 11]. 
More details are presented in Ref. [12]. 

2. A gauge-invariant way to integrate out HQCD 

In this section, starting with a class of HQCD models including the SS model [8, 
9], we introduce a way to obtain a low-energy effective model in four- dimension 
described only by the lightest vector meson identified as p meson based on the 



March 4, 2010 16:5 



WSPC - Proceedings Trim Size: 9.75in x 6.5in paper 



3 



HLS together with the NGBs. Suppose that the fifth dhection, spanned by the 
coordinate z, extends from minus infinity to plus infinity (— cxi < z < cx))q We 
employ a five-dimensional gauge theory which has a vectorial U{N) gauge symmetry 
defined on a certain background associated with the gauge/gravity duality. As far 
as gauge-invariant sector such as the Dirac-Born-Infeld part of the SS model [8, 9] 
is concerned, the five-dimensional action in large Nc limit can be written as0 

^5 = N,Jd^xdz(^- ^K,{zMF^,F'^-']+K2{z)Ml^tT[F^,F^']^ , (1) 

where Ki^2{z) denote a set of metric-functions of z constrained by the gauge/gravity 
duality. Mkk is a typical mass scale of KK modes of the gauge field Am with 
M — z). The boundary condition of is chosen as Am{x^,z — ±cx)) = 
0. A transformation which does not change this boundary condition satisfies 
dugix^ T z)\z=±oo — 0, where g{x^,z) is the transformation matrix of the gauge 
symmetry. This implies an emergence of global chiral U{N)l x U{N)i^ symmetry 
in four-dimension characterized by the transformation matrices gu^L = g{z = ±oo). 

Following Refs. [7-9], we work in = gauge. There still exists a four- 
dimensional gauge symmetry under which A^{x^^,z) transforms as A^ -> h ■ A^ ■ 

— idf^h ■ with h — h{x^^). This gauge symmetry is identified [7-9] with the 
HLS [3, 4]. In the Az = Q gauge, the NGB fields ti{x^) disappear from the chi- 
ral field U — e^^""!^^ since \J ^ \. They are instead included [7] in 
at the boundary as v4^|2=±oo — ctj}'^ = 'i£,R,Ldf_i^li j^, where £,l,b. form the chiral 
field U a,s U — (,1^ ■ ^_r. Since ^^^^ — > h ■ ^^.^^ • g]^ ^ [3, 4] , a^'^ transform as 

M M 

We introduce infinite towers of massive KK modes for vector (V^^"' (a^^)) and 
axialvector (x^)) meson fields, where we treat V^i"' as the HLS gauge fields 
transforming under the HLS as Vji"' h ■ Vji""* • — id^h ■ h\ while Aj^*'' as matter 
fields transforming as A^"^ — )■ h-A^/^^ ■h'^ . The five-dimensional gauge field A^^(x^, z) 
is now expanded as B 



A, 



oo 

(2) 

The functions {V'2n-i(-2)} and {V'2n(^)} are the eigenfunctions satisfying the eigen- 
value equation obtained from the action (H]): —K'^^{z)dyXJi2[z)dz'^n{z)) = \n1pn{z), 
where A„ denotes the nth eigenvalue. On the other hand, the gauge-invariance re- 
quires the functions 0^'^(z) to be different from the eigenfunctions: From the trans- 



^ In an application to another type of HQCD [10], the z coordinate is defined on a finite interval, 
which is different from the z coordinate used here. They are related by an appropriate coordinate 
transformation as done in Refs. [8, 9]. 

^ Models of HQCD having the left- and right-bulk fields such as Fi^, Fji [10, 11] can be described 

by the same action as in Eq. jljl with a suitable ^-coordinate transformation prescribed. 

'^In Eq. jJll we put a relative minus sign in front of the HLS gauge fields V^"' for a convention. 
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formation properties for Afj_{x'^, z), a^'^, A^"'^ and V^i"'' we see that the functions 
(j)^'^{z), {'02ri-i(^)}, and {ip2n{z)} are constrained as 

CO 

(/.«(z)+(/.^(2)-^7^2„_l(z) = l. (3) 
n=l 

Using this, we may rewrite Eq.(l2|) to obtain ^^(x^, z) — a^n (x^)+Q;p^ {x'^){(j)^{z) — 
4>\z)) + Er=i4"^(2^^)^2„W + Er=i(«Hl(^'')-^i"^(^''))^2„-i(2), where 

= — ~ transform under the HLS as a^n — >■ h ■ a^\\ ■ h'^ — id^h ■ 
and — s> h ■ ■ h\ respectively. Note that includes the NGB fields as 
Oi^i_ — -^dfj,TT + • • • . The corresponding wave function {(j)^ — (j)^) should therefore 
be the eigenfunction for the zero mode, "00: fp^iz) — = i^o{z)- From this and 

Eq. ([3]) we see that the wave functions 0^ and 0^ are not the eigenfunctions but are 
given as ^^'-^(z) = 5 [1 + EtT=i '02n--i(2:) ± i^o{z)]- 

By substituting Eq.(l2]) with Eq.Q into the action ([T]), the five-dimensional 
theory is now described by the NGB fields along with the infinite towers of the 
vector and axial vector meson fields in four dimensions. 

We first naively try to truncate towers of the vector and axialvector meson fields 
simply eliminating vj"'' and ^IT'' for n > N. Then we find 

/oo 
dzd'xK2{z) ^ A2„-lV2n-l(^)trK||(x'')]^ (4) 

n=N+l 

which explicitly breaks the chiral symmetry as well as the HLS, because a^n — ^ 
h ■ a^ii • — idf^h ■ h'^ . Naive truncation of tower of vector meson fields thus forces 
us to encounter the explicit violation of the chiral symmetry. 

Now we shall propose a method to truncate towers of vector and axialvector 
meson fields in a gauge-invariant manner. Consider a low-energy effective theory 
below the mass of n = iV + 1 level. Such an effective theory can be obtained by 
integrating out mesons with n > A'^ -I- 1 via the equations of motion. Neglecting 
terms including the derivatives acting on the heavy fields Vji*^'* and A|f •* with k > N, 
the equations of motion for them take the following forms: y^^'"-' — a^n, = 
(fc = + 1, + 2, • • • , 00). Putting these solutions into the action, we have, instead 
of Eq.©, 

^integrate out ^ f rf^rf4^^^(^) ^ A2„-l^|„_ i (z)tr | - V^^Hx^? , (5) 

which is certainly gauge-invariant. Note also that the gauge-invariance now requires 
not the constraint in Eq.Q but 0^(z) -I- (j)^{z) — J2n=i ^2n-i{z) — 1. 

Let us now consider a low-energy effective model obtained by integrating out 
all the higher vector and axialvector meson fields except the lowest vector meson 
field v/i^^ = V^. Following the gauge-invariant way proposed above, the expansion 
of is expressed as 

A^{x^',z) = a^,^{x^')Mz) + {a^,\\{x^') + V^ix^")) + a^\\{x^')^Ji{z) , (6) 
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where = — + a^||. One can further introduce the external gauge fields by 
gauging the global chiral U[N)l x U{N)ii symmetry. (For details, see Ref. [12].) 
Then we obtain the low-energy effective model including only the lightest HLS 
field Vf, and the NGB fields tt described by the HLS-ChPT with 0{p^) terms [4, 
6]: The 0{p'^) terms include the effects from infinite towers of higher KK modes 
and are completely determined as explicitly shown in Ref. [12]; sum rules such as 
those introduced in Ref. [9] are also fully built in the HLS-ChPT Lagrangian. Our 
formulation is thus more practical and useful. 

Finally, we once again emphasize that our methodology presented here is appli- 
cable to any models of HQCD. 



3. Application to Sakai-Sugimoto Model 

In this section, we apply our methodology to the Sakai-Sugimoto (SS) model [8, 
9] based on D8/D8/ DA brane configuration. The five-dimensional gauge- invariant 
portion (so-called the Dirac-Born-Infeld (DBI) part) of the low-energy effective 
action in the SS model is given by [8, 9] 

Sii' = N,G J d^xdz(^- ^K-'/^zMF^^F'^''] + K{z)M^^tT[F^,F'^']^ , (7) 

where K{z) = 1 + is the induced metric of the five-dimensional space-time; the 
overall coupling G is the rescaled 't Hooft coupling expressed as G = Ncgyu/ (1087r^) 
with gYM being the gauge coupling of the U{Nc) gauge symmetry on the Nc D4- 
branes [8, 9]; the mass scale Mkk is related to the scale of the compactification 
of the Nc D4-branes onto the . Comparing Eq.Q with Eq.([T]), we read off 
Ki{z) — GK~'^/'^{z), K2{z) = GK{z), so that we find the equation of motion, 
—K^/'^{z)dz {K{z)dz4'n) = ^ni^n with the eigenvalues A„ and the eigenfunctions 
ipn of the KK modes of the five-dimensional gauge field ^^(x^, z). 

Application to the Chern-Simons term is straightforward that is explicitly 
demonstrated in Ref. [12]. 

As emphasized in the end of the previous section, without introducing any 
sum rules, we are able to calculate amplitudes straightforwardly from the effec- 
tive Lagrangian which includes contributions from full set of higher KK modes. 
To see it more explicitly, as an example, we shall study the pion electromagnetic 
(EM) form factor Fy at tree-level of the present model. Fy is readily con- 
structed from the Lagrangian written in terms of the HLS-ChPT presented in 
Ref. [12]: F^ {Q^)\iii,s = g^^AQ^) + '''^'^„'l%'."^'\ where = -p^ denotes a 
momentum-squared in space-like region and [12] g^^^[Q'^) (l ^ f) + ^^4^^' 

ffp(Q') - ^(l + .9'^3^), gp.AQ^) = + The applicable mo- 

mentum range should be restricted to < ^ {"^p'j "^p'M " ' " } since we have 
integrated out higher KK modes keeping only the p meson. Note that our form fac- 
tor Fy ((3^)|hls automatically ensures the EM gauge-invariance, Fy (0)|hls — ^- 
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One can easily show [12] that if towers of vector and axialvector mesons had naively 
been truncated as in Eq.(|3]) one would have Fy (O)|truncation 7^ 1, leading to a viola- 
tion of the EM gauge-invariance. (It turns out [12] that higher KK modes actually 
play the crucial role to maintain the EM gauge-invariance.) We further rewrite 
= (Q')|hls as El 



V 



Ff (Q^)Ihls = ( 1 - \~a\ + ~z% + 4^ , (8) 

where a = a (l - ^ - g^z^ + ^-llsMlA^ and z = \a {g^z^ + [g^ z:,){g^ z^) [12] 
which are expressed in terms of the five-dimensional theory asEI [12] a — ^^'^a"'" = 
f Ai^^^i^%^e^, z = f Ai (iM(!^iCLzV:S)> _ (1 _ ^2^y These ~a and 2 are calcu- 



lated independently of any inputs to be a ~ 2.62 and z ~ 0.08, where we have used 
Ai ~ 0.669. 

Using the expression ([8|) and the values of a and 2, we evaluate the momentum- 
dependence of Fy which was actually not possible in the original SS model [9] 
because of the form written in terms of the infinite summation. In Fig. [T] we show 
the predicted curve of Fy with respect to together with the experimental data 
from Ref. [13]. The y^-^A results in good agreement with the data (x^/d.o.f = 
147/53 ~ 2.77). Comparison with the result derived from the lowest vector meson 
dominance (LVMD) hypothesis with a — 2 and z = is shown by a dashed curve in 
the left panel of Fig. [1] The right panel of Fig. [T] shows a comparison with the result 
obtained by fitting the parameters (a, z) to the experimental data. It is interesting 
to note that the best-fit values of a and z are quite close to those in the predicted 
curve. This fact reflects that the predicted curve fits well with the experimental 
data. 

4. Summary 

In this talk, we developed a methodology to integrate out arbitrary parts of infinite 
towers of vector and axialvector mesons arising as KK modes in a class of HQCD 
models. It was shown that our method is gauge-invariant in contrast to a naive 
truncation [See Eq.Q]. It was demonstrated that any models of HQCD in the low- 
energy region can be described by the HLS-ChPT. We applied our method to the SS 
model and evaluated the momentum-dependence of the pion EM form factor as an 
example, which demonstrated power of our formulation. The predicted form factor 
was shown to be fitted well with the experimental data in the low-energy (space-like 
momentum) region. This was difficult in the original SS model due to the forms of 
the form factors written in terms of infinite sum of vector meson exchanges. More 
on phenomenological applications of our formulation to the SS model is presented 
in Ref. [12]. 



Here Qp = gp{Q'^ = -m?p) and gp,r7r = gpTnriQ^ = -m?p)- 
<= (A) = J dzK-^/'->{z)A{z). 



March 4, 2010 16:5 



WSPC - Proceedings Trim Size: 9.75in x 6.5in paper 



7 




0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

Q- [GeV^] e- [GeV^] 



Fig. 1. The predicted curve of the pion EM form factor with respect to space-like 

momentum-squared (denoted by sohd Une) fitted with the experimental data from Ref. [13] 
with x^/d.o.f = 147/53 ~ 2.77. In the left panel, the dashed curve corresponds to the form factor in 
the LVMD hypothesis of the HLS model with a = 2 and 5 = taken, (x^/d.o.f = 226/53 ~ 4.26). 
The dashing curve in the right panel corresponds to the form factor fitted with the experimental 
data, yielding the best fit values of a and 5, al^est ~ 2.44, 5|best 

= 0.08 (x^/d.o.f = 81/51 ~ 1.56). 
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